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This paper is dediated to Steven L. Kleiman on his 60th birthday
Abstrat. We study the set of rational urves of a ertain topo-
logial type in general members of ertain families of Calabi-Yau
threefolds. For some families we investigate to what extent it
is possible to onlude that this set is nite. For other families
we investigate whether this set ontains at least one point rep-
resenting an isolated rational urve. Our study is inspired by
[Jo-Kl1℄.
1. Introdution
The famous Clemens onjeture says roughly that for eah xed d
there is only a nite, but non-empty set of rational urves of degree
d on a general quinti threefold F in omplex P4. A more ambitious
version is the following:
The Hilbert sheme of rational, smooth and irreduible urves C
of degree d on a general quinti threefold in P4 is nite, nonempty
and redued, so eah urve is embedded with balaned normal bundle
O(−1)⊕O(−1).
Katz proved this statement for d ≤ 7, and in [Nj℄ and [Jo-Kl1℄
the result was extended to d ≤ 9. An even more ambitious version
also inludes the statement that for general F , there are no singular
rational urves of degree d, and no interseting pair of rational urves
of degrees d1 and d2 with d1 + d2 = d. This was proven (in [Jo-Kl1℄)
1991 Mathematis Subjet Classiation. 14J32 (14H45, 14J28).
Key words and phrases. rational 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to hold for d ≤ 9, with the important exeption for d = 5, where a
general quinti ontains a nite number of 6-nodal plane urves. This
number was omputed in [Va℄.
We see that in rough terms the onjeture ontains a niteness
part and an existene part (existene of at least one isolated smooth
rational urve of xed degree d on general F , for eah natural number
d). For the quintis in P4, the existene part was proved for all d by
S. Katz [Ka℄, extending an argument from [Cl1℄, where existene was
proved for inntely many d.
In this paper we will sum up or study how the situation is for some
onrete families of embedded Calabi-Yau threefolds other than the
quintis in P
4
.
In Setion 2 we will briey sketh some niteness results for Calabi-
Yau threefolds that are omplete intersetions in projetive spaes
There are four other families of Calabi-Yau threefolds F that are suh
omplete intersetions, namely those of type (2,4) and (3,3) in P
5
,
those of type (2,2,3) in P
6
, and those of type (2,2,2,2) in P
7
. For
these families we have niteness results omparable to those for quin-
tis in P
4
involving smooth urves. The existene question has been
answered in positive terms for urves of low genera, inluding g = 0
and all positive d, in these ases. See [Kl2℄ and [E-J-S℄.
In Setion 3 we study the ve other families of Calabi-Yau three-
folds F that are omplete intersetions with Grassmannians G(k, n),
namely those of type (1, 1, 3) and (1, 2, 2) with G(1, 4), those of type
(1, 1, 1, 1, 2) with G(1, 5), those of type (1, 1, 1, 1, 1, 1, 1) with G(1, 6),
and those of type (1, 1, 1, 1, 1, 1) with G(2, 5). For these families we
have weaker niteness results, but we will desribe onditions suient
to prove niteness, and some of the geometry involved. The existene
question has been answered, in positive terms for urves with g = 0,
for the types (1, 1, 3), (1, 2, 2), and (1, 1, 1, 1, 2). See [Kn2℄.
In Setion 4 we will study rational urves in families of Calabi-Yau
threefolds F on four-dimensional rational normal srolls in projetive
spaes. These threefolds will then orrespond to setions of the anti-
anonial line bundle on the sroll, a very simple ase of omplete
intersetion.
The main result of this paper, Theorem 4.3, ensures existene of
at least one isolated smooth rational urve of given xed topologial
type on general F , for eah topologial type (a bidegree (d, a)) within
a ertain range. The main steps of the proof of Theorem 4.3 are
skethed in Setion 4. There we also briey investigate the possibilities
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for showing niteness, applying similar methods developed to handle
the omplete intersetion ases desribed above.
In Setions 5 and 6 are devoted to the details of the proof of The-
orem 4.3. In Setion 5 we desribe some general, useful fats about
polarized K3 surfaes, and we make some spei lattie-theoretial
onsiderations that will be useful to us.
In Setion 6 we prove Theorem 4.3 step by step. In Step (I) we
prove Proposition 6.2, whih desribes urves on K3 surfaes, in Steps
(II)-(IV)we produe threefolds, whih are unions of one-dimensional
families of K3 surfaes. We produe the desired rational urves on
suh threefolds and on smooth deformations of suh threefolds.
We thank the referee for helpful remarks, and the organizers of the
Kleiman's 60th Birthday Conferene for making this volume possi-
ble. The seond author was supported by a grant from the Researh
Counil of Norway.
1.1. Conventions and denitions. The ground eld is the eld of
omplex numbers. We say a urve C in a variety V is geometrially
rigid in V if the spae of embedded deformations of C in V is zero-
dimensional. If furthermore this spae is redued, we say that C is
innitesimally rigid or isolated in V .
A urve will always be redued and irreduible.
2. Complete intersetion Calabi-Yau threefolds in
projetive spaes
In this setion we will sketh the situation for the omplete interse-
tion Calabi-Yau threefolds in projetive spaes. In [Jo-Kl1℄ one wrote,
regarding the niteness question for (smooth) rational urves: The
authors have heked the key details, and believe the following ranges
ome out: d ≤ 7 for types (3,3) and (2,4), and d ≤ 6 for types (2,2,3)
and (2,2,2,2). In fat, exept for the ase d = 6 and F of type (2,2,2,2),
the inidene sheme Id of pairs (C,F ) is, almost ertainly irreduible,
generially redued, and of the same dimension as the spae P of F .
Moreover, the full theorem for smooth rational urves in quintis,
parallell to that of [Nj℄, was:
Theorem 2.1. Let d ≤ 9, and let F be a general quinti threefold in
P
4
. In the Hilbert sheme of F , form the open subsheme of rational,
smooth and irreduible urves C of degree d. Then this subsheme is
nite, nonempty, and redued; in fat, eah C is embedded in F with
normal bundle OP1(−1)⊕OP1(−1).
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We are now ready to give orresponding results for the four other
omplete intersetion ases:
Theorem 2.2. Assume we are in one of the following ases:
(a) d ≤ 7, and F is a general omplete intersetion threefold of
type (2,4) or (3,3) in P
5
;
(b) d ≤ 6, and F is a general omplete intersetion threefold of
type (2,2,3) in P
6
;
() d ≤ 5, and F is a general omplete intersetion threefold of
type (2,2,2,2) in P
5
;
In the Hilbert sheme of F , form the open subsheme of rational,
smooth and irreduible urves C of degree d. Then this subsheme is
nite, nonempty, and redued; in fat, eah C is embedded in F with
normal bundle OP1(−1) ⊕ OP1(−1). Moreover, in the ases (2,2,3)
and d = 7, and in the ase (2,2,2,2) and d = 6, this subsheme is
nite and non-empty, and there exists a rational urve C in F with
normal sheaf OP1(−1) ⊕ OP1(−1).
Proof. In all ases of (a), (b), and () one proeeds as follows: Let
Id be the natural inidene of smooth rational urves C and smooth
omplete intersetion threefolds F in question. One then shows that Id
is irreduible, and dim Id = dimG, where G is the parameter spae of
omplete intersetion threefolds in question. This is enough to prove
niteness. In [Jor℄ not only the key details, but a omplete proof of
this result, was given.
Seondly, for eah of the 5 intersetion types (of CICY's in some
P
n
) one has the following existene result, proven in [Kl2℄ and [E-J-S℄
(Oguiso settled the (2,4) ase in [Og℄) It is also a speial ase of [Kn2,
Thm. 1.1 and Rem. 1.2℄ and [Kl1, Thm. 2.1℄.
Theorem 2.3. For all natural numbers d there exists a smooth ra-
tional urve C of degree d and a smooth CICY F , with normal sheaf
NC|F = OP1(−1)⊕OP1(−1) (whih gives h
0(NC|F ) = 0).
Using these two piees of information Theorem 2.2 follows as in [Ka,
p. 152-153℄.
In the ases (2,2,3) and d = 7, and (2,2,2,2) and d = 6, one proves
dim Id = dimG and ombines with Theorem 2.3.

3. CICY threefolds in Grassmannians
There are several ways of desribing and ompatifying the set of
smooth rational urves of degree d in the Grassmann variety G(k, n).
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See for example [Str℄. Let Md,k,n denote the Hilbert sheme of smooth
rational urves of degree d in G(k, n). It is well known that the di-
mension of Md,k,n is (n+ 1)d + (k + 1)(n − k)− 3.
Let eah G(k, n) be embedded in PN , where N =
(n+1
k+1
)
−1, by
the Plüker embedding. Let G parametrize the set of smooth om-
plete intersetion threefolds with G(k, n) by hypersurfaes of degrees
(a1, ..., as) in P
N
, where s = dimG(k, n)− 3 = (k+1)(n− k)− 3, and
a1+ ...+ as = n+1. Adjuntion gives that the omplete intersetions
thus dened have trivial anonial sheaves, and thus are Calabi-Yau
threefolds. An easy numerial alulation gives that there are ve
families of Calabi-Yau threefolds F that are omplete intersetions
with Grassmannians G(k, n), beside those that are straightforward
omplete intersetions of projetive spaes P
N
(orresponding to the
speial ase k = 0, n = N). It will be natural for us to divide these
ve ases into two ategories:
(a) Those where ai = 1, for all i. These are of type (1, 1, 1, 1, 1, 1, 1)
in G(1, 6) in P20, or of type (1, 1, 1, 1, 1, 1) in G(2, 5) in P19.
The dimensions of the parameter spaes G of F in question,
are 98 and 84, respetively.
(b) Those where ai ≥ 2, for some i. These are of type (1, 1, 3) or
(1, 2, 2) in G(1, 4) in P9, or of type (1, 1, 1, 1, 2) in G(1, 5) in
P
14
. The dimensions of the parameter spaes of F in question,
are 135, 95 and 109, respetively.
The existene question for rational urves of all degrees has been
settled by the seond author in [Kn2, Thm. 1.1 and Rem. 1.2)℄,
where it is onluded that for general F of types (1, 1, 3), (1, 2, 2), or
(1, 1, 1, 1, 2), and any integer d > 0 there exists a smooth rational urve
C of degree d in F with NC|F = OP1(−1) ⊕ OP1(−1) (whih gives
h0(NC|F ) = 0). For the types (1, 1, 1, 1, 1, 1, 1) and (1, 1, 1, 1, 1, 1) we
know of no suh result.
The niteness question seems hard to handle in all these ases. Let
Id be the inidene of C and omplete intersetion F . Denote by a
the projetion to the parameter spaeMd,k,n of points [C] representing
smooth rational urves C of degree d in G(k, n), and by b the proje-
tion to the parameter spae of omplete intersetions of the G(k, n) in
question. A natural strategy is to look at eah xed rational urve C
and study the bre a−1([C]). If the dimension of all suh bres an be
ontrolled, so an dim Id. A way to gain partial ontrol is the follow-
ing: Let M be a subsheme of Md,k,n, with dimM = m, and assume
that dima−1([C]) = c is onstant on M . Then of ourse this gives rise
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to a part a−1(M) of Id whih has dimension c+m. If c+m ≤ dimG,
one onludes that for a general point [g] of G there is only a nite
set of points from a−1(M) in b−1([g]). More rened arguments may
reveal that in many suh ases a−1(M) is irreduible.
An obvious argument shows that ifM is the subsheme ofM(d, k, n)
orresponding to rational normal urves of degree d, then dim a−1([C])
is onstant on M . Moreover the onstant value is c = dimG −
dimMd,k,n = dimG − ((n + 1)d + (k + 1)(n − k) − 3). Of ourse the
rational normal urves for xed n, k only our for (low) d ≤ N − r,
where G(k, n) is embedded in PN , and r is the number of i with ai = 1.
(One observes that N − r = max{d|dimG − dimMd,k,n ≥ 0} for the
ases in ategory (a), but N − r < max{d|dimG − dimMd,k,n ≥ 0}
for the ases in ategory (b).)
For d = 1, 2, 3 the only smooth rational urves of degree d are the
rational, normal ones. In [Os℄ it was shown for all 5 ases that Id is
irreduible for d = 1, 2, 3, and that on a general F there is no singular
(plane) ubi urve on F . In a similar way one an show that on a
general F there is no pair of interseting lines, and no line interseting
a oni and no double line. For the omplete intersetion types of
ategory (b) one then has:
Proposition 3.1. (i) Let d ≤ 3, and let F be a general threefold of
a given type as deribed above. In the Hilbert sheme of F , form the
open subsheme of rational, smooth and irreduible urves C of degree
d. Then this subsheme is nite, nonempty, and redued; in fat, eah
C is embedded in F with normal bundle OP1(−1)⊕OP1(−1). Moreover
there are no singular urves (reduible or irreduible) of degree d in
F . We have dim Id = dimG, and Id is irreduible.
(ii) For all natural numbers d the inidene Id ontains a omponent
of dimension dimG, and this omponent dominates G by the seond
projetion map b.
Proof. Part (i) follows from the irreduibility of Id, for d = 1, 2, 3, and
the existene result in [Kn2℄, using [Ka, p. 152-153℄. Part (ii) follows
from the same results, fousing only on one partiular omponent of
Id, orresponding to the urve found in [Kn2℄. 
In [B-C-K-S℄, one nds virtual numbers of rational urves of degree
d on a generi threefold of eah of the 5 types desribed. For the
ones of ategory (b) there should be no problem in interpreting these
numbers as atual numbers of smooth rational urves of degree d in a
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generi F , for d = 1, 2, 3, but it is a hallenge to prove the analogue
of Part (i) for higher d.
3.1. An analysis of the inidene Id. For eah of the ve types
one might ask whether it is reasonable to believe that dim Id = dimG
(or equivalently: dim Id ≤ dimG) for many more d, or even for all d.
We will point out below that the number of suh d is very limited.
We reall that in the well known ase of the hyperquintis in P
4
we
have Id irreduible and of dimension 125 = dimG, for d ≤ 9, reduible
for d = 12, and reduible with at least one omponent of dimension
at least 126 for d ≥ 13. The ases d = 10, 11 seem to represent
open territory, while it is also open whether some omponent has
dimension at least 126 for d = 12. See [Jo-Kl2℄. (None of these piees
of information ontradit Clemens onjeture, whih predits that all
omponents of dimension at least 126 projet to some subset of G of
positive odimension).
In eah of the ve types of omplete intersetion with Grassmanni-
ans G(k, n), a similar phenomenon ours. The most transparent ex-
ample is perhaps that of threefolds of intersetion type (17) of G(1, 6)
in P
20
. We now will show that in this ase dim Id > dimG for all
d ≥ 4:
For all points P of P6, look at HP = P
5
in G(1, 6) parametrizing
all lines through P . The subset of Md,k,n parametrizing urves in HP ,
only spanning aP
3
(insideHP inside G(1, 6) inside P
20
) has dimension
4d+8. There is a 70-dimensional family of 13-planes in P20 ontaining
a given P
3
. Hene dim Id ≥ 6 + (4d+ 8) + 70 = 4d+ 84. Clearly this
exeeds 98 for d ≥ 4.
Let J be the subset of Id thus obtained. The set of 3-spaes on-
tained in some HP has dimension 6+dimG(3, 5) = 14, so dim b(J) ≤
14 + 70 = 84 < 98. Hene J , although big, gives no ontradition to
the analogue of Clemens onjeture.
To omplete the piture we will also exhibit another part of the
inidene Id of dimension 4d + 69. This is larger than 98 for d ≥ 8.
We will study the part of Id that arises from urves C in G(1, 6), suh
that its assoiated ruled surfae in P
6
only spans a P
3
inside that P
6
.
Eah suh urve is ontained in a G(1, 3) in a P5 inside P20, and a
simple dimension ount gives dimension 4d+ 69.
On the other hand, it is for example lear that a general P
13
inside
P
20
(orresponding to a general (17) of G(1, 6)) does not ontain a
P
5
spanned by a sub-G(1, 3) of G(1, 6). This means that the subsets
of Id, orresponding to urves C ontained in a G(1, 3), suh that C
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and G(1, 3) span the same P5, projet by b to subsets of G of positive
odimension. Some Shubert alulus reveals that the same is true
for the part of Id orresponding to those C ontained in a G(1, 3) and
spanning at most a P
4
also. Hene the problemati part of Id in
onsideration here does not give a ontradition to the analogue of
Clemens onjeture.
For d ≥ 12 the part of Id arising from urves suh that its assoiated
ruled surfae spans a P
4
inside P
6
, will have dimension at least 5d+41,
whih is larger than 98, for d ≥ 12. As above we see that general P13
inside P
20
does not ontain a P
9
spanned by a sub-G(1, 4) of G(1, 6).
For d ≥ 15 the part of Id arising from urves suh that their assoi-
ated ruled surfaes spans a P
5
inside P
6
, will have dimension at least
99.
Let J be the subset of Id thus obtained. The set of 3-spaes on-
tained in some HP has dimension 6+dimG(3, 5) = 14, so dim b(J) ≤
14 + 70 = 84 < 98. Hene J gives no ontradition to the analogue of
Clemens' onjeture.
A similar phenomenon ours for the ase of threefolds of interse-
tion type (16) of G(2, 5) in P19. We reall dimG = 84 in this ase. For
a given C in G(2, 5) the assoiated ruled threefold in P5 may span a
3-spae, a 4-spae, or all of P5. The former ones give rise to a part of
the inidene of dimension 4d+ 68. This is equal to dimG for d = 4,
and Id is reduible then. For d ≥ 5 we see that dim Id > dimG.
4. Rational urves in some CY threefolds in
Four-Dimensional Rational Normal Srolls
In this setion we state the main result of this paper, Theorem 4.3,
and we sketh the main steps of its proof. We also give some supple-
mentary results, and remark on the possibility of nding analogues of
our main result.
We start by reviewing some basi fats about rational normal srolls.
Denition 4.1. Let E = OP1(e1)⊕· · ·⊕OP1(ed), with e1 ≥ . . . ≥ ed ≥
0 and f = e1 + · · · + ed ≥ 2. Consider the line bundle L = OP(E)(1)
on the orresponding P
d−1
-bundle P(E) over P1. We map P(E) into
P
N
with the omplete linear system |L|, where N = f + d − 1. The
image T is by denition a rational normal sroll of type (e1, . . . , ed).
The image is smooth, and isomorphi to P(E), if and only if ed ≥ 1.
Denition 4.2. Let T be a rational normal sroll of type (e1, . . . , ed).
We say that T is a sroll of maximally balaned type if e1 − ed ≤ 1.
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Denote by H the hyperplane setion of a rational normal sroll T ,
and let C be a (rational) urve in T . We say that the bidegree of C is
(d, a) if degC = C.H = d, onsidered as a urve on projetive spae,
and C.F = a, where F is the ber of the sroll.
From now on we will let T be a rational normal sroll of dimension
4 in PN , and of type (e1, . . . , e4), where the ei are ordered in an non-
inreasing way, and e1 − e3 ≤ 1. Hene the subsroll P(OP1(e1) ⊕
OP1(e2) ⊕OP1(e3)) is of maximally balaned type. Moreover we are
espeially interested in the ase where the general 3-dimensional (anti-
anonial) divisor of type 4H − (N − 5)F is non-singular and thus a
Calabi-Yau threefold. Then we have to restrit to 5 families of sub-
ases. We will show that for positive a, and d exeeding a lower
bound, depending on a, a general 3 dimensional (anti-anonial) divi-
sor of type 4H − (N − 5)F will ontain an isolated rational urve of
bidegree (d, a). To be more preise, we will show:
Theorem 4.3. Let T be a rational normal sroll of dimension 4 in
P
N
with a balaned subsroll of dimension 3 as deribed. Assume this
subsroll spans a P
g
(so g = e1 + e2 + e3 + 2) Let d ≥ 1, and a ≥ 1,
be integers satisfying the following onditions:
(i) If g ≡ 1( mod 3), then either (d, a) ∈ {(g−13 , 1), (2(g−1)/3, 2)};
or d > (g−1)a3 −
3
a , (d, a) 6= (2(g−1)/3−1, 2) and 3d 6= (g−1)a.
(ii) If g ≡ 2( mod 3), then either (d, a) ∈ {(g − 1, 3), (2g − 2, 6)};
or d > (g−1)a3 −
3
a , (d, a) 6∈ {(2(g−2)/3, 2), ((4g−5)/3, 4), ((7g−
8)/3, 7)} and 3d 6= (g − 1)a.
(iii) If g ≡ 0( mod 3), then either (d, a) ∈ {((g − 3)/3, 1), ((2g −
3)/3, 2)}; or d ≥ ga/3.
Then the zero sheme of a general setion of 4H − (N − 5)F will be
a (possibly singular) Calabi-Yau threefold X that ontains an isolated
rational urve of bidegree (d, a) lying outside of the singular lous of X.
If moreover the sroll type (e1, . . . , e4) is of one of the following forms:
(s, s, s, s), (s + 1, s, s, s), (s + 1, s + 1, s, s), (s + 1, s + 1, s + 1, s), (s +
2, s + 1, s + 1, s), for s ≥ 1, then the zero sheme of a general setion
of 4H− (N − 5)F will in addition be a smooth Calabi-Yau threefold.
The theorem will be proved in several steps. The fat that a general
setion is smooth in the 5 subases follows diretly from Bertini's the-
orem if 4H− (N −5)F is base point free. The divisor is anti-anonial
and of dimension 3. Hene it will be be a Calabi-Yau threefold V if
h1(OV ) = h
2(OV ) = 0. These numbers are zero, beause of the short
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exat sequene
0→ OT (KT )→ OT → OV → 0,
whih gives rise to the ohomology sequene
H1(OT )→ H
1(OV )→
H2(OT (KT ))→ H
2(OT )→ H
2(OV )→ H
3(OT (KT )).
Sine hi(OT (KT )) = h
4−i(OT )) = 0, for i = 1, 2, 3, for example by
Remark 1.4 of [SD℄, we onlude that h1(OV ) = h
2(OV ) = 0
If the sroll type is (s, s, s, s), (s + 1, s, s, s) or (s + 1, s + 1, s, s),
then 4H − (N − 5)F is base point free (as it is in a fourth ase
(s + 2, s, s, s), whih is a ase not ondidered in our result, sine the
subsroll P(OP1(e1)⊕OP1(e2)⊕OP1(e3)) is not maximally balaned
then). This follows for example from using oordinates on rational
normal srolls, as desribed in [S℄, p. 110-11, or in [Ste℄. Using the
same kind of oordinates, one nds that in the ases (s+1, s+1, s+1, s)
or (s+2, s+1, s+1, s) the base lous is the fourth diretri urve, and
that by a properly generalized Bertini's theorem the general setion of
4H− (N − 5)F is non-singular outside this diretrix urve. Moreover
a more rened study reveals that the general setion of 4H−(N−5)F
is smooth at all points of this base lous simultaneously. Hene the
general setion is a Calabi-Yau threefold also in these two ases. Here
are the main steps in the proof of the statement about the existene
of an isolated urve as desribed:
(I) Set g := e1 + e2 + e3 + 2. Using lattie-theoretial onsider-
ations we nd a (smooth) K3 surfae S in Pg with PicS ≃
ZH ⊕ ZD ⊕ ZΓ, where H is the hyperplane setion lass, D
is the lass of a smooth ellipti urve of degree 3 and Γ is a
smooth rational urve of bidegree (d, a). Let T = TS be the
3-dimensional sroll in Pg swept out by the linear spans of the
divisors in |D| on S. The rational normal sroll T will be of
maximally balaned type and of degree e1 + e2 + e3.
(II) Embed T = P(OP1(e1)⊕OP1(e2)⊕OP1(e3)) (in the obvious
way) in a 4 dimensional sroll T = P(OP1(e1)⊕· · ·⊕OP1(e4))
of type (e1, . . . , e4). Hene T orresponds to the divisor lass
H− e4F in T , and S orresponds to a omplete intersetion
of divisors of type H − e4F and 3H − (g − 4)F on T . We
now deform the omplete intersetion in a rational family (i.e.
parametrized by P
1
) in a general way. For small values of
the parameter we obtain a K3 surfae with Piard group of
rank 2 and no rational urve on it.
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(III) Take the union over P
1
of all the K3 surfaes desribed in
(II). This gives a threefold V , whih is a setion of the anti-
anonial divisor 4H− (g − 4 + e4)F = 4H− (N − 5)F on T .
For a general omplete intersetion deformation the threefold
will have only nitely many singularities outside the fourth
diretrix urve, and it will be non-singular along Γ. In the ve
speial families it will be smooth also along the fourth diretrix
urve. Then Γ will be isolated on V .
(IV) Deform V as a setion of 4H− (g−4+ e4)F = 4H− (N −5)F
on T . Then a general deformation W will have an isolated
urve ΓW of bidegree (d, a). In the ve speial families it will
be smooth.
This strategy is analogous to the one used in [Cl1℄ to show the
existene of isolated rational urves of innitely many degrees in the
generi quinti in P
4
, and in [E-J-S℄ to show the existene of iso-
lated rational urves of bidegree (d, 0) in general omplete intersetion
Calabi-Yau threefolds in some spei biprojetive spaes.
Step (I) will be proved in Setions 5 and 6, and Steps (II)-(IV) in
Setion 6.
4.1. Finiteness questions. Let us say a few words about niteness.
Let T be a rational, normal sroll of dimension 4 in PN . A divisor of
type 4H−(N−5)F orresponds to a quarti hypersurfae Q ontaining
N − 5 given 3-spaes in the F-bration of T . Then, for general suh
Q, we see that Q ∩ T is the union of a Calabi-Yau threefold and the
N − 5 given 3-spaes. Eah rational urve C of type (d, a) for a ≥ 1
intersets eah 3-spae in at most a, and hene a nite number of
points.
Let M = Md,a = {[C]|C has bidegree (d, a)}, and let G be the
parameter spae of hypersurfaes of type 4H− (N − 5)F , Study the
inidene I = Id,a = {([C], [F ]) ∈ M × G|C ⊂ F}, and let pi be the
projetion onto the rst fator. For a given rational urve C0 we want
to study the following subset
pi−11 ([C0]) = {([C0], [F ])|C0 ∈ F}
of the inidene I = Id,a.
Finding the dimension of pi−11 ([C0]) is essentially, as we shall see
below, equivalent to nding h0(J (4)) (or (h1(J (4))), where J is the
ideal sheaf in P
N
of the union X of C0 and the N−5 disjoint, linear 3-
spaes, eah interseting C0 as desribed. We then have the following
result, whih is Corollary 1.9 of [Si℄:
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Lemma 4.4. Let J be the ideal sheaf of a projetive sheme X that
onsists of the union of d shemes X1, . . . ,Xd in P
N
, whose pairwise
intersetions are nite sets of points. Let mi be the regularity of Xi.
Then J is
∑d
i=1mi-regular.
We will use this result. Look at the following exat sequene:
0→ JX/T (4H)→ OT (4H)→ OX(4H)→ 0.
This gives rise to the exat ohomology sequene
0→ H0(JX/T (4H))→ H
0(OT (4H))→ H
0(OX(4H))→ H
1(JX/T (4H))→ 0.
This gives:
h0(JX/T (4H)) = h
1(JX/T (4H)) + h
0(OT (4H))− h
0(OX(4H)) =
h1(JX/T (4H)) + 35(N − 2)− (35(N − 5) + 4d+ 1− (N − 5)a)
= h1(JX/T (4H)) + 105− (4d+ 1 + (5−N)a).
Hene we see that
dimpi−1([C0]) = h
1(JX/T (4H)) + 104 − dimMd,a =
h1(JX/T (4H)) + dimG− dimMd,a,
if 4e4 − (N − 5) ≥ −2. If we work with a stratum W of M = Md,a
where h1(JX/T (4H)) is onstant, say c, then the inidene stratum
pi−1(W ) has dimension c+dimG− codim(W,M). Now it is lear that
h1(JX/T (4H)) = h
1(JX/PN (4)) = h
1(J (4)), sine h1(JT /PN (4)) = 0,
whih is true beause rational normal srolls are projetively normal.
Moreover h1(J (4)) = 0 if X is 5-regular, by the denition of m-
regularity in general. By Theorem 1.1 of [G-L-P℄ we have:
Lemma 4.5. A non-degenerate, redued, irreduible urve of degree d
in P
r
is (d+ 2− r)-regular.
Moreover in Corollary 1.10 of [Si℄ one has:
Lemma 4.6. The ideal sheaf of s linear k-spaes meeting (pairwise)
in nitely many (or no) points is s-regular.
Putting these two results together, we observe that if C0 spans an
r-spae, then X is (d+ 2− r +N − 5) = (d− r +N − 3)-regular. In
partiular, if C0 is a rational normal urve, then X is (N − 3)-regular,
and in partiular 5-regular if N is 7 or 8 (and of ourse d ≤ N then).
Also urves spanning a (d−1)-spae are 5-regular if N = 7 (for d ≤ 8).
We then have:
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Corollary 4.7. On a general F in T of type (1, 1, 1, 1) in P7 there
are only nitely many smooth rational urves of degree at most 4. On
a general F in T of sroll type (2, 1, 1, 1) in P8 there are only nitely
many smooth rational urves of degree at most 3.
Proof. We dedue that allX in question are 5-regular, so h1(JX/PN (4H)) =
0 for all X, and hene all non-empty inidene varieties Id,a have di-
mension equal to dimG, and hene the seond projetion map pi2 has
nite bres over general points of G. 
4.2. Analogous questions for other threefolds. We would like
to remark on the possibility of nding an analogue of Theorem 4.3.
Is it possible to produe isolated, rational urves of bidegree (d, a)
for many (d, a), also on general CY threefolds of intersetion type
(2H − c1F , 3H − c2F) on ve-dimensional rational normal srolls in
P
N
? Here we obviously look at xed (c1, c2) suh that c1+c2 = N−6.
A natural strategy, analogous to that in the previous setion, would
be to limit oneself to work with rational normal srolls P(OP1(e1) ⊕
· · · ⊕ OP1(e5)) suh that P(OP1(e1) ⊕ · · · ⊕ OP1(e4)) is maximally
balaned given its degree (that is: e1 − e4 ≤ 1).
A natural analogue to Step (I) in the proof of Theorem 4.3 in the
previous setion is: Set g = e1+ · · ·+ e4+3. Using lattie-theoretial
onsiderations again, and with ertain onditions on n, d and a, we
nd a (smooth) K3 surfae S in Pg with PicS ≃ ZH ⊕ ZD ⊕ ZΓ,
where H is the hyperplane setion lass, D is the lass of a smooth
ellipti urve of degree 4 and C is a smooth rational urve of bidegree
(d, a). In partiular, S has Cliord index 2 (see Setion 5.1 for the
denition of the Cliord index of a K3 surfae). Let T = TS be the
4-dimensional sroll in Pg swept out by the linear spans of the divisors
in |D| on S. The rational normal sroll T will be maximally balaned
of degree e1+ e2+ e3+ e4. In other words we should nd an analogue
of Proposition 6.2. It seems lear that we an do this.
The natural analogue of Step (II) in the previous setion is:
Embed T = P(OP1(e1)⊕· · ·⊕OP1(e4)) (in the obvious way) in a 5
dimensional sroll T = P(OP1(e1)⊕· · ·⊕OP1(e5)) of type (e1, . . . , e5).
Hene T orresponds to the divisor lass H− e5F in T .
If g is odd, one would like to show that S is a omplete intersetion
of 2 divisors, both of type 2H − g−52 F restrited to T . Therefore it
is a omplete intersetion of 3 divisors Z5, Q1, Q2, the rst of type
H − e5F , and the two Qi of type 2H −
g−5
2 F on T . At the moment
we have no water-proof argument for this.
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If g is even, one an show that S is a omplete intersetion of 2
divisors, of type 2H− g−42 F and 2H−
g−6
2 F , restrited to T . Therefore
it is a omplete intersetion of 3 divisors Z5, Q1, Q2, of typesH−e5F ,
2H− g−42 F , and 2H−
g−6
2 F on T .
If one really obtains a omplete intersetion as desribed above, one
might deform it in a rational family (i.e. parametrized by P
1
). If S is
given by equations: Q1 = Q2 = 0, one looks at deformations:
Q1 + sQ
′
1 = Q2 = Z5 − sB(t, u, Z1, . . . , Z5) = 0,
or:
Q1 = Q2 + sQ
′
2 = Z5 − sB(t, u, Z1, . . . , Z5) = 0.
Here the B orrespond to setions ofH−e5F . For small values of the
parameter one would like to obtain a K3 surfae with Piard group
of rank 2, Cliord index 1, (see Setion 5.1 for the denition of the
Cliord index of a K3 surfae) and no rational urve on it. For g odd,
there is no essential dierene between the two types of deformations.
For g even, the two deformations are dierent.
An analogue of Step (III) is: Eliminating s from the rst set of
equations, we obtain:
Q1B + Z5Q
′
1 = Q2 = 0.
Eliminating s from the seond set of equations, we obtain:
Q1 = Q2B + Z5Q
′
2 = 0.
If g is odd, we obtain in both ases a omplete intersetion three-
fold of type
(2H −
g − 5
2
F , 3H − (
g − 5
2
+ e5)F).
If g is even, the rst threefold is of type
(2H −
g − 6
2
F , 3H − (
g − 4
2
+ e5)F),
while the seond is of type
(2H −
g − 4
2
F , 3H − (
g − 6
2
+ e5)F),
Sine g = N−1−e5, we see that in all ases we have intersetion type
(2H − c1F , 3H − c2H), suh that c1 + c2 = N − 6.
The analogue of Step (IV) seems doable for g odd, but here Step
(II), as remarked, is unlear. The details of this analogue for g even
are also not quite lear to us.
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5. K3 surfae omputations
The purpose of the setion is to make the neessary tehnial prepa-
rations to omplete Step (I) of the proof of Theorem 4.3. First we will
reall some useful fats about K3 surfaes and rational normal srolls.
In Lemma 5.3 we introdue a spei K3 surfae whih will be essen-
tial in the proof of Step (I). In the last part of the setion we make
some K3 theoretial omputations related to the Piard lattie of this
partiular K3 surfae.
5.1. Some general fats about K3 surfaes. Reall that a K3
surfae is a (redued and irreduible) surfae S with trivial anonial
bundle and suh that H1(OS) = 0. In partiular h
2(OS) = 1 and
χ(OS) = 2.
We will use line bundles and divisors on a K3 surfae with little or
no distintion, as well as the multipliative and additive notation, and
denote linear equivalene of divisors by ∼.
Before ontinuing, we briey reall some useful fats and some of
the main results in [Jo-Kn℄ whih will be used in the proof of Theorem
4.3.
Let C be a smooth irreduible urve of genus g ≥ 2 and A a line
bundle on C. The Cliord index of A (introdued by H. H. Martens
in [Ma℄) is the integer
Cliff A = degA− 2(h0(A)− 1).
If g ≥ 4, then the Cliord index of C itself is dened as
Cliff C = min{Cliff A |h0(A) ≥ 2, h1(A) ≥ 2}.
Cliord's theorem then states that Cliff C ≥ 0 with equality if and
only if C is hyperellipti and Cliff C = 1 if and only if C is trigonal or
a smooth plane quinti.
At the other extreme, we get from Brill-Noether theory (f. [A-C-G-H℄,
Chapter V) that Cliff C ≤ ⌊g−12 ⌋. For the general urve of genus g,
we have Cliff C = ⌊g−12 ⌋.
We say that a line bundle A on C ontributes to the Cliord index
of C if h0(A), h1(A) ≥ 2 and that it omputes the Cliord index of C
if in addition Cliff C = Cliff A.
Note that Cliff A = Cliff ωC ⊗A
−1
.
It was shown by Green and Lazarsfeld [Gr-La℄ that the Cliord
index is onstant for all smooth urves in a omplete linear system |L|
on a K3 surfae. Moreover, they also showed that if Cliff C < ⌊g−12 ⌋
(where g denotes the setional genus of L, i.e. L2 = 2g−2), then there
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exists a line bundle M on S suh that MC := M ⊗OC omputes the
Cliord index of C for all smooth irreduible C ∈ |L|.
This was investigated further in [Jo-Kn℄, where we dened the Clif-
ford index of a base point free line bundle L on a K3 surfae to be
the Cliord index of all the smooth urves in |L| and denoted it by
Cliff L. Similarly, if (S,L) is a polarized K3 surfae we dened the
Cliord index of S, denoted by CliffL(S) to be Cliff L.
The following is a summary of the results obtained in [Jo-Kn℄, that
we will need in the following. Sine we only need those results for
ample L, we restrit to this ase and refer the reader to [Jo-Kn℄ for
the results when L is only assumed to be base point free.
Proposition 5.1. Let L be an ample line bundle of setional genus
g ≥ 4 on a K3 surfae S and let c := Cliff L. Assume c < ⌊g−12 ⌋.
Then c is equal to the minimal integer k ≥ 0 suh that there is a line
bundle D on S satisfying the numerial onditions:
2D2
(i)
≤ L.D = D2 + k + 2
(ii)
≤ 2k + 4
with equality in (i) or (ii) if and only if L ∼ 2D and L2 = 4k + 8.
(In partiular,
D2 ≤ c+ 2,with equality if and only if L ∼ 2D and L2 = 4c+ 8,
and by the Hodge index theorem
D2L2 ≤ (L.D)2 = (D2 + c+ 2)2.)
Moreover, any suh D satises (withM := L−D and R := L−2D):
(i) D.M = c+ 2,
(ii) D.L ≤M.L (equivalently D2 ≤M2),
(iii) h1(D) = h1(M) = 0
(iv) |D| and |M | are base point free and their generi members are
smooth urves,
(v) h1(R) = 0, R2 ≥ −4, and h0(R) > 0 if and only if R2 ≥ −2,
(vi) If R ∼ R1 + R2 is a nontrivial eetive deomposition, then
R1.R2 > 0.
Proof. The rst statement is [Kn1, Lemma 8.3℄. The properties (i)-(iv)
are the properties (C1)-(C5) in [Jo-Kn, p. 9-10℄, under the additional
ondition that L is ample. The fat that h1(R) = 0 in (v) follows from
[Jo-Kn, Prop. 5.5℄ (where ∆ = 0 sine L is ample), and the rest of
(v) is then an immediate onsequene of Riemann-Roh. Finally, (vi)
follows from [Jo-Kn, Prop. 6.6℄ sine L is ample. 
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Now denote by φL the morphism
φL : S −→ P
g
dened by |L| and pik a subpenil {Dλ} ⊆ |D| ≃ P
1
2
D2+1
generated
by two smooth urves (so that in partiular {Dλ} is without xed
omponents, and with exatly D2 base points). Eah φL(Dλ) will
span a (h0(L) − h0(L − D) − 1)-dimensional subspae of Pg, whih
is alled the linear span of φL(Dλ) and denoted by Dλ. Note that
Dλ = P
c+1+ 1
2
D2
. The variety swept out by these linear spaes,
T =
⋃
λ∈P1
Dλ ⊆ P
g,
is a rational normal sroll (see [S℄) of type (e1, . . . , ed), where
(1) ei = #{j | dj ≥ i} − 1,
with
d = d0 := h
0(L)− h0(L−D),
d1 := h
0(L−D)− h0(L− 2D),
.
.
.
di := h
0(L− iD)− h0(L− (i+ 1)D),
.
.
.
Furthermore, T has dimension dimT = d0 = h
0(L) − h0(F ) =
c+ 2 + 12D
2
and degree degT = h0(F ) = g − c− 1− 12D
2
.
We will need the following
Lemma 5.2. Assume L is ample, D2 = 0 and that h1(L − iD) = 0
for all i ≥ 0 suh that L − iD ≥ 0. Then the sroll T dened by |D|
as desribed above is smooth and of maximally balaned sroll type.
Furthermore, dimT = c+ 2 and degT = g − c− 1.
Proof. Let r := max{i |L − iD ≥ 0}. Then by Riemann-Roh, and
our hypothesis that h1(L− iD) = 0 for all i ≥ 0 suh that L− iD ≥ 0,
one easily nds r = ⌊ gc+2⌋ and
d0 = · · · = dr−1 = L.D = c+ 2,
1 ≤ dr = g + 1− (c+ 2)r ≤ c+ 2,
di = 0 for i ≥ r + 1,
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whene the sroll T is smooth and of maximally balaned sroll type.
The assertions about its dimension and degree are immediate. 
5.2. Some spei K3 surfae omputations. In the following
lemma we introdue a speiK3 surfae with a spei Piard lattie,
whih will be instrumental in proving Theorem 4.3. The element Γ in
the lattie will orrespond to a urve of bidegree (d, a) as desribed in
that theorem.
Lemma 5.3. Let n ≥ 4, d > 0 and a > 0 be integers satisfying
d > na3 −
3
a . Then there exists an algebrai K3 surfae S with Piard
group PicS ≃ ZH ⊕ ZD ⊕ ZΓ with the following intersetion matrix:


H2 H.D H.Γ
D.H D2 D.Γ
Γ.H Γ.D Γ2

 =


2n 3 d
3 0 a
d a −2


and suh that the line bundle L := H − ⌊n−43 ⌋D is nef.
Proof. The signature of the matrix above is (1, 2) under the given
onditions. By a result of Nikulin [Ni℄ (see also [Morr, Theorem 2.9(i)℄)
there exists an algebrai K3 surfae S with Piard group PicS =
ZH ⊕ ZD ⊕ ZΓ and intersetion matrix as indiated.
Sine L2 > 0, we an, by using Piard-Lefshetz tranformations,
assume that L is nef (see e.g. [Og℄ or [Kn3℄). 
Note now that
(2) L2 =


8 if n ≡ 4 ( mod 3),
10 if n ≡ 5 ( mod 3),
12 if n ≡ 6 ( mod 3).
We will from now on write L2 = 2m, for
(3) m := n− 3⌊
n − 4
3
⌋ = 4, 5 or 6
(in other words n ≡ m( mod 3)) and dene
(4) d0 := Γ.L = d− ⌊
n− 4
3
⌋a > 0.
Note that the ondition d > na3 −
3
a is equivalent to
(5) d0 >
ma
3
−
3
a
.
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Also note that PicS ≃ ZL⊕ ZD ⊕ ZΓ, and that
(6)
δ := |disc(L,D,Γ)| = |disc(H,D,Γ)| = |2a(3d−na)+18| = |2a(3d0−ma)+18|
divides |disc(A,B,C)| for any A,B,C ∈ PicS.
Now we will study the K3 surfae dened in Lemma 5.3 in further
detail.
Lemma 5.4. Let S, H, D, Γ and L be as in Lemma 5.3. Then L is
base point free and Cliff L = 1. Furthermore, L is ample (whene very
ample) if and only if we are not in any of the following ases:
(a) ma = 3d0 and 9 |ma,
(b) m = 4 and (d0, a) = (2, 2), (5, 4) or (9, 7),
() m = 5 and (d0, a) = (2, 2), (6, 4) or (13, 8),
(d) m = 6 and (d0, a) = (3, 2).
Moreover, if L is ample, then |D| is a base point free penil, L−D
is also base point free and h1(L−D) = h1(L− 2D) = 0.
Proof. Sine D.L = 3, we have Cliff L ≤ 1 by Proposition 5.1. To
prove the two rst statements, it sues to show (by lassial results
on line bundles on K3 surfaes suh as in [SD℄ and by Proposition 5.1)
that there is no smooth urve E satisfying E2 = 0 and E.L = 1, 2.
Sine E is base point free, being a smooth urve of non-negative
self-intersetion (see [SD℄), we must have E.D ≥ 0. If E.D = 0, then
the divisor B := 3E − (E.L)D satises B2 = 0 and B.L = 0, whene
by the Hodge index theorem we have 3E ∼ (E.L)D, ontraditing that
D is part of a basis of PicS. If E.D ≥ 2, the Hodge index theorem
gives the ontradition
32 ≤ 2L2(E.D) = L2(E +D)2 ≤ (L.(E +D))2 ≤ 25.
We now treat the ase E.D = 1. If E.L = 1, we get
16 ≤ 2L2 = L2(E +D)2 ≤ (L.(E +D))2 = 16,
whene by the Hodge index theorem L ∼ 2(E +D), whih is impos-
sible, sine L is part of a basis of PicS. So we have E.L = 2. Write
E ∼ xL+ yD + zΓ. From E.L = 2 and E.D = 1, we get
(7) x =
1
3
−
a
3
z and y =
2ma− 3d0
9
z −
2(m− 3)
9
.
Inserting into
1
2E
2 = 0 = mx2 − z2 + 3xy + d0xz + ayz, we nd
(8) [a(ma− 3d0)− 9]z
2 = m− 6.
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If m = 4, we get from (8) that z = ±1 and a(4a − 3d0) = 7. Sine
d0 > 0, we must have (d0, a) = (9, 7), whih is present in ase (b).
(From (7) we get the integer solution (x, y, z) = (−2, 3, 1).)
If m = 5, we get from (8) that z = ±1 and a(5a − 3d0) = 8. Sine
d0 > 0, we must have (d0, a) = (2, 2), (6, 4) or (13, 8), whih are
present in ase (). (We an however hek from (7) that (2, 2) and
(13, 8) do not give any integer solutions for x and y, whereas (6, 4)
gives the integer solution (x, y, z) = (−1, 2, 1).)
If m = 6, we get from (8) that either z = 0 or a(2a − d0) = 3. In
the rst ase, we get the absurdity x = 1/3 from (7), and in the latter
we get the only solution (d0, a) = (5, 3), whih inserted in (7) gives
the absurdity x = 1/3 − z. We have therefore shown that L is base
point free and that Cliff L = 1.
To show that L is ample we have to show by the Nakai riterion
that there is no smooth urve E satisfying E2 = −2 and E.L = 0.
By the Hodge index theorem again we have
2L2(±E.D − 1) = L2(D ±E)2 ≤ (L.(D ± E))2 = 9,
giving −1 ≤ E.D ≤ 1. The ases E.D = ±1 are symmetri by inter-
hanging E and −E, so we an restrit to treating the ases E.D = 0
and E.D = 1.
We an write E ∼ xL+ yD + zΓ. We get
(9) x = −
a
3
z +
E.D
3
.
Combining this with E.L = 0 = 2mx+ 3y + d0z, we get
(10) y =
2ma− 3d0
9
z −
2m(E.D)
9
.
Now we use
1
2E
2 = −1 = mx2 − z2 + 3xy + d0xz + ayz, and nd
(11) [a(ma− 3d0)− 9]z
2 = m(E.D)2 − 9.
We rst treat the ase E.D = 0. We get
(12) [a(ma− 3d0)− 9]z
2 = −9,
whih means that z = ±1 or z = ±3.
If z = ±1, we nd from (12) that ma − 3d0 = 0, and from (9) we
nd x = ∓a3 , whene 3|a. If in addition 9 | a or m = 6, then (x, y, z) =
±(−a/3,ma/9, 1) denes an eetive divisor E with E2 = −2 and
E.L = E.D = 0.
If z = ±3, we nd from (10) that 3 | 2ma. But sine a(ma−3d0) = 8,
we get the absurdity 3 | 16.
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We now treat the ase E.D = 1. Then we have
(13) [a(ma− 3d0)− 9]z
2 = m− 9.
We now divide into the three ases m = 4, 5, and 6.
If m = 4, then (13) reads
(14) [a(4a − 3d0)− 9]z
2 = −5,
whih means that z = ±1 and a(4a− 3d0) = 4, in partiular a = 1, 2
or 4. Sine d0 > 0 we only get the solutions
(15) (a, d0) = (2, 2) or (a, d0) = (4, 5).
From (9) we get x = 13(1 − az) =
1
3(1 ∓ a), whih means that we
only have the possibilities (x, z, a, d0) = (1,−1, 2, 2) and (x, z, a, d0) =
(−1, 1, 4, 5). Inserting into (10) we get
(16) y =
1
9
[(8a− 3d0)z − 8] = −2 and 1,
respetively, whene (x, y, z, a, d0) = (1,−2,−1, 2, 2) and (−1, 1, 1, 4, 5)
are the only solutions.
If m = 5, then (13) reads
(17) [a(5a − 3d0)− 9]z
2 = −4,
whih means that z = ±1 or z = ±2. If z = ±1, we have a(5a −
3d0) = 5, and sine d0 > 0, there is no solution. So z = ±2 and
a(5a− 3d0) = 8. Again, sine d0 > 0, we only get the solutions
(18) (a, d0) = (2, 2), (a, d0) = (4, 6) or (a, d0) = (8, 13).
From (9) we get x = 13(1 − az) =
1
3(1 ∓ 2a), whih means that we
only have the possibilities (x, z, a, d0) = (−1, 2, 2, 2), (3,−2, 4, 6) or
(−5, 2, 8, 13). Inserting into (10) we get
(19) y =
1
9
[(10a − 3d0)z − 10] = 2, −6 or 8,
respetively, whene (x, y, z, a, d0) = (−1, 2, 2, 2, 2), (3,−6,−2, 4, 6)
and (−5, 8, 2, 8, 13) are the only solutions.
If m = 6, then (13) reads
(20) [a(6a − 3d0)− 9]z
2 = 3z2[a(2a − d0)− 3] = −3.
We obtain z2[a(2a− d0)− 3] = −1, whih gives z = ±1 and a(2a−
d0) = 2. Sine d0 > 0, the latter yields (a, d0) = (2, 3). If z = 1, then
(9) gives the absurdity x = −13 . For z = −1 we obtain (x, y) = (1,−3)
from (9) and (10). Hene (x, y, z, a, d0) = (1,−3,−1, 2, 3) is the only
solution for m = 6.
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So we have proved that L is ample exept for the ases (a)-(d).
It is well-known (see e.g. [SD℄ or [Kn1℄) that an ample line bundle
with Cliff L = 1 is very ample.
If L is ample, it follows from Proposition 5.1 that |D| and |L−D|
are base point free and h1(L−D) = h1(L− 2D) = 0. 
We get the orresponding statement for H:
Lemma 5.5. Assume n, d and g does not satisfy any of the following
onditions:
(i) na = 3d, with 9 | a if n ≡ 1, 2( mod 3), and 3 | a if n ≡ 0(
mod 3).
(ii) n ≡ 0 ( mod 3), a = 2 and d = 3 + 23 (n− 6),
(iii) n ≡ 1 ( mod 3) and d = d0 +
2
3(n − 4), for (d0, a) = (2, 2),
(5, 4) or (9, 7),
(iv) n ≡ 2 ( mod 3) and d = d0 +
2
3(n − 5), for (d0, a) = (2, 2),
(6, 4) or (13, 8).
Then H is very ample and CliffH = 1. Moreover, h1(H − iD) = 0
for all i ≥ 0 suh that H − iD ≥ 0.
Denote by T the sroll dened by D. Then T is smooth and of
maximally balaned sroll type.
Proof. The rst two statements are lear sine D.H = 3 and H =
L+⌊n−43 ⌋D, with Cliff L = 1 andD nef, sine the ases (i),(ii), (iii) and
(iv) are diret translations of the ases (a),(d),(b) and (), respetively,
in Lemma 5.4 above.
We now prove that h1(H−iD) = 0 for all i ≥ 0 suh that H−iD ≥
0. By Lemma 5.4 we have that h1(L −D) = h1(L − 2D) = 0. Sine
D is nef we have h1(L+ iD) = 0 for all i ≥ 0. Now let R := L− 2D.
Then R2 = −4, −2 or 0, orresponding to L2 = 8, 10 or 12. Sine
we have h1(R) = 0 we get h0(R) = 0, 1 or 2 respetively. In the
rst ase we are therefore done, and in the seond, we learly have
h0(R − D) = 0, and now we also want to show this for L2 = 12.
Assume that h0(R−D) > 0. Then, we have
R = D +∆,
where |D| is the moving part of |R| and ∆ is the xed part. Sine
R.D = 3, we get ∆.D = 3, and sine D2 = 0 we get ∆2 = −6.
Moreover ∆.L = (L− 3D).L = 3. This yields
∆ = Γ1 + Γ2 + Γ3,
where the Γi's are smooth non-interseting rational urves satisfying
Γi.L = Γi.D = 1 for i = 1, 2, 3. Writing Γi = xiL + yiD + ziΓ, the
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three equations Γi.L = 1, Γi.D = 1 and Γ
2
i = −2 yield at most two
integer solutions (xi, yi, zi), whene at least two of the Γis have to be
equal, a ontradition.
So we have proved that h1(H − iD) = 0 for all i ≥ 0 suh that
H−iD ≥ 0. By Lemma 5.2 it follows that the sroll T is of maximally
balaned type, whene smooth. 
In the next setion we will desribe under what onditions Γ is a
smooth rational urve. We end this setion with two helpful lemmas.
Lemma 5.6. Assume L is ample. Let ∆ ∼ xL+ yD+ zΓ be a divisor
on S suh that ∆2 = −2 and set δ′ := |disc(L,D,∆)|.
Then δ′ = z2δ, and is zero if and only if ∆ ∼ L− 2D and m = 5.
Proof. It is an easy omputation to show that δ′ = z2δ. Hene it is
zero if and only if z = 0. It is then an easy exerise to nd that
∆ ∼ L− 2D and m = 5. 
Lemma 5.7. Let B := 3L −mD. (We have B2 = 0 and B.D = 9,
whene by Riemann-Roh B > 0.) If ∆ is a smooth rational urve
satisfying ∆2 = −2 and ∆.B ≤ 0, then we only have the following
possibilities:
m = 4 and (∆.L,∆.D,∆.B) = (1, 1,−1), (4, 3, 0), (4, 4,−4),
(5, 4,−1), (6, 5,−2), (8, 6, 0), (9, 7,−1)
m = 5 and (∆.L,∆.D,∆.B) = (1, 1,−2), (3, 2,−1), (4, 3,−3)
m = 6 and (∆.L,∆.D,∆.B) = (1, 1,−3), (2, 1, 0), (3, 2,−3), (4, 2, 0).
Proof. Set as before R := L − 2D. We have 3∆.R = ∆.(3L − 6D) ≤
∆.(3L−mD) ≤ 0, whene ∆.R ≤ 0, with equality only if m = 6.
If equality ours, we have ∆ < R (sine R2 = 0 and R > 0 by
Proposition 5.1), whene we have a nontrivial eetive deomposition
R ∼ ∆+∆0. Sine R.L = 6 and L is ample, we have ∆.L ≤ 5, whene
(∆.L,∆.D) = (4, 2) and (2, 1) are the only possibilities.
If ∆ = R, then R2 = −2, whene m = 5 and (∆.L,∆.D,∆.B) =
(4, 3,−3).
So for the rest of the proof, we an assume that ∆.R < 0 with
∆ 6= R.
If R2 = −2 or 0 (i.e. m = 5 or 6), then R > 0 by Proposition 5.1,
whene ∆ < R. If ∆.R ≤ −2, we get a nontrivial eetive deompo-
sition R ∼ ∆ +∆0 with ∆.∆0 ≤ 0. But this ontradits Proposition
5.1. So ∆.R = −1. Sine R.L = 4 and 6 for m = 5 and 6 respetively,
and L is ample, we have ∆.L ≤ 3 and ≤ 5 respetively. If m = 6
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and ∆.L = 5, we get ∆.D = 3 and we alulate |disc(L,D,∆)| = 0,
ontraditing Lemma 5.6. This leaves us with the possibilities listed
above for m = 5 and 6.
Now we treat the ase R2 = −4, i.e. m = 4. Then we have
h0(R) = h1(R) = 0.
If ∆.R = −1, then, sine ∆.B = 3∆.R + 2∆.D = −3 + 2∆.D and
D is nef, we get the only possibility (∆.L,∆.D) = (1, 1).
If ∆.R ≤ −2, we get (R − ∆)2 ≥ −2, whene by Riemann-Roh
either R−∆ > 0 or∆−R > 0. In the rst ase we get the ontradition
R > ∆ > 0, so we must have L − 2D < ∆ < 3L − 4D (the latter
inequality due to the fat that B2 = 0, B > 0 and ∆.B ≤ 0). Sine L
is ample, we therefore get
(21) 3 ≤ ∆.L ≤ 11,
and from the Hodge index theorem
16(−∆.B − 1) = (B −∆)2L2 ≤ ((B −∆).L)2 = (12 −∆.L)2,
that is
(22) −∆.B ≤ ⌊
(12 −∆.L)2
16
+ 1⌋ ≤ ⌊
(12 − 3)2
16
+ 1⌋ = 6.
If∆.B = 0, then∆.D = 3∆.L4 , whih means by (21) that (∆.L,∆.D) =
(4, 3) or (8, 6).
If ∆.B = −1, then ∆.D = 3∆.L+14 , whih means by (21) that
(∆.L,∆.D) = (5, 4) or (9, 7).
If ∆.B = −2, then (21) and (22) gives 3 ≤ ∆.L ≤ 8 and ∆.D =
3∆.L+2
4 , whih means that (∆.L,∆.D) = (6, 5).
Continuing this way up to ∆.B = −6, one ends up with the hoies
listed in the lemma. 
6. Proof of Theorem 4.3
We will now omplete the four steps of the proof of Theorem 4.3.
6.1. Proof of Step (I). We start with some further investigations of
the K3 surfae with the Piard lattie introdued in Lemma 5.3:
Lemma 6.1. Assume L is ample. Then Γ is a smooth rational urve
if and only if none of these speial ases our:
(a) m = 4, 3d0 = 4a and a > 9, in whih ase Γ ∼ (3L − 4D) +
(Γ− 3L+ 4D) is a nontrivial eetive deomposition.
(b) m = 5 and 4 < d0 < 2a, in whih ase Γ ∼ (L − 2D) + (Γ −
L+ 2D) is a nontrivial eetive deomposition.
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() m = 6, d0 = 2a and a > 3, in whih ase Γ ∼ (L− 2D)+ (Γ−
L+ 2D) is a nontrivial eetive deomposition.
Proof. Sine Γ2 = −2 and Γ.H > 0 we only need to show that Γ is
irreduible. Consider B = 3L−mD as dened above. Then
(23) δ := |disc(L,D,Γ)| = |2(Γ.D)(Γ.B) + 18|.
Case I: Γ.B > 0. Then δ > 18. Assume that Γ is not irreduible.
Then there has to exist a smooth rational urve γ < Γ suh that γ.B ≤
Γ.B. We also have γ.D ≤ Γ.D by nefness of D. Set ∆ := Γ− γ > 0.
If γ.B = Γ.B, then ∆.B = 3∆.L−m∆.D = 0, whene ∆.D > 0, sine
L is ample, and hene γ.D < Γ.D. In other words we always have
(γ.D)(γ.B) < (Γ.D)(Γ.B), whene
(24) disc(L,D, γ) = 2(γ.D)(γ.B) + 18 < δ.
If now γ.B < 0, we get from Lemma 5.7 that (γ.D)(γ.B) ≥ −16,
whene
(25) disc(L,D, γ) = 2(γ.D)(γ.B) + 18 ≥ −32 + 18 ≥ −14 > −δ.
So we must have disc(L,D, γ) = 0, whene by Lemma 5.6 we have
m = 5 and γ ∼ L − 2D =: R. By ampleness of L we must have
0 < ∆.L = (Γ − L + 2D).L = d0 − 10 + 6 = d0 − 4, whene d0 > 4.
We will now show that d0 < 2a as well, so that we end up in ase (b)
above.
Assume to get a ontradition that d0 ≥ 2a. Write Γ ∼ kR+∆k, for
an integer k ≥ 1 suh that ∆k > 0 and R 6≤ ∆k. By our assumption
we have ∆2k = −2(k
2 + 1 + k(d0 − 2a)) ≤ −2, so ∆k must have at
least one smooth rational urve in its support. Sine we have just
shown that the only smooth rational urve γ suh that γ.B ≤ 0 is R,
we have γ0.B > 0 for any smooth rational urve γ0 ≤ ∆k. Pik one
suh γ0 ≤ ∆k suh that γ0.B ≤ ∆k.B = Γ.B + 3k. Then, sine also
0 ≤ γ0.D ≤ ∆k.D = Γ.D− 3k, and Γ.B = 3d0− 5a ≥ a = Γ.D by our
assumptions, we get the ontradition
0 < disc(L,D, γ0) = 2(γ0.D)(γ0.B)+18 ≤ 2(Γ.D−3)(Γ.B+3)+18 <
2(Γ.D)(Γ.B) + 18 = δ.
So we are in ase (b). Conversely, if m = 5 and 4 < d0 < 2a, one
sees that (Γ − L + 2D)2 ≥ −2 and (Γ − L + 2D).L > 0, whene by
Riemann-Roh (Γ− L+ 2D) > 0 and Γ ∼ (L− 2D) + (Γ− L+ 2D)
is a nontrivial eetive deomposition.
Case II: Γ.B = 0. Then δ = 18 and 3d0 = ma. Sine we assume
that L is ample, we have that 9 does not divide a if m = 4 or 5 and
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3 does not divide a if m = 6 by Lemma 5.4. Assume that Γ is not
irreduible. Then there has to exist a smooth rational urve γ < Γ
suh that γ.B ≤ 0. If γ.B < 0, then γ.D > 0 by Lemma 5.7, and
we an argue as in Case I above. We end up in the ase m = 5 and
γ = L− 2D, and sine d0 =
5a
3 < 2a this is a speial ase of (b).
So we an assume that γ.B = 0 for any smooth rational urve in
the support of B. By Lemma 5.7 again, for any suh γ we have the
possibilities
(26) (m,γ.L, γ.D) = (4, 4, 3), (4, 8, 6), (6, 2, 1) or (6, 4, 2),
whene the ase m = 5 is ruled out. To prove that we end up in the
ases (a) and () above, we have to show that a 6= 3, 6 when m = 4
and a 6= 1, 2 when m = 6.
So assumem = 4 and (d0, a) = (4, 3) or (8, 6). Sine γ.L < Γ.L = d,
we see from (26) that (d0, a) = (8, 6) and (γ.L, γ.D) = (4, 3) for any
γ < Γ. For any suh γ, onsider ∆ := Γ− γ > 0. Then (∆.L,∆.D) =
(4, 3). If ∆2 ≥ 2, we get the ontradition from the Hodge index
theorem:
64 = 8L2 ≤ L2(∆ +D)2 ≤ (L.(∆ +D))2 = 49.
If ∆2 = 0, we write ∆ ∼ xL+ yD + zΓ and use the three equations
∆.L = 8x+ 3y + 8z = 4,
∆.D = 3x+ 6z = 3,
∆2 = 8x2 − 2z2 + 6xy + 16xz + 12yz = 0.
to nd the absurdity (x, y, z) = (1,−4/3, 0).
So ∆2 ≤ −2, whih means that ∆2 = −2, sine for any smooth
rational urve γ0 in its support we must have (γ0.L, γ0.D) = (4, 3).
But then ∆.Γ = γ.Γ = −1, and ∆ and γ have the same intersetion
numbers with all three generators of PicS. But then γ = ∆ and Γ
would be divisible, a ontradition.
Assume now m = 6 and (d0, a) = (2, 1) or (4, 2). As above we end
up with the only possibility (d0, a) = (4, 2) and (γ.L, γ.D) = (2, 1).
Now also (∆.L,∆.D) = (2, 1), and ∆2 = −2 and we reah the same
ontradition as above.
So we have proved that we end up in ases (a) and () above. Con-
versely, if m = 4 and d0 and a satisfy the onditions in (a), one easily
heks that Γ ∼ (3L − 4D) + (Γ − 3L + 4D) is a nontrivial eetive
deomposition, sine both the omponents have self-intersetion ≥ −2
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and positive intersetion with L. The same holds for the deomposi-
tion Γ ∼ (L− 2D) + (Γ− L+ 2D) if m = 6 and d0 and a satisfy the
onditions in ().
Case III: Γ.B < 0. As in the proof of Lemma 5.7 we have Γ.R <
0. If m = 4 and Γ.R = −1, we again end up with the possibility
(Γ.L,Γ.D) = (1, 1), in whih ase Γ is irreduible.
In all other ases, we have (R−Γ)2 ≥ −2, whene by Riemann-Roh
either R− Γ > 0 or Γ−R > 0.
Case III(a): R > Γ. We must have m = 5 or 6, sine h0(R) = 0
if m = 4 by Proposition 5.1. We proeed as in the proof of Lemma
5.7, with Γ in the plae of ∆, and show that Γ.R = −1, whih gives
the ases:
(m,d0, a) = (5, 1, 1), (5, 3, 2), (5, 4, 3), (6, 1, 1) or (6, 3, 2).
We onsider m = 5 rst. If d0 = 1, then Γ is irreduible, and if
(d0, a) = (4, 3), we get δ = 0, whene the absurdity Γ ∼ L − 2D
by Lemma 5.6. So we must have (d0, a) = (3, 2) and Γ.B = −1. If
Γ is reduible, there exists a smooth rational urve γ < Γ suh that
γ.B < 0. Sine γ.L < Γ.L = 3, we get by looking at the list in Lemma
5.7 that (γ.L, γ.D, γ.B) = (1, 1,−2). Sine then disc(L,D, γ) =
disc(L,D,Γ) = 14, we get from Lemma 5.6 that γ ∼ xL + yD + zΓ,
for z = ±1. Using γ.L = 1 = 10x+3y+3z and γ.D = 1 = 3x+2z, we
nd the integer solution (x, y, z) = (1,−2,−1), whih yields ∆2 = −6,
where ∆ := Γ− γ as usual. However ∆.L = 2, whene ∆ has at most
two omponents, ontraditing its self-intersetion number.
We next onsider m = 6. If d0 = 1, then Γ is irreduible, so we
must have (d0, a) = (3, 2) and Γ.B = −3. This yields δ = 6. If Γ
is reduible, there exists a smooth rational urve γ < Γ suh that
γ.B < 0. Sine γ.L < Γ.L = 3, we get by looking at the list in Lemma
5.7 that (γ.L, γ.D, γ.B) = (1, 1,−3) or (2, 1, 0), yielding respetively
disc(L,D, γ) = 12 or 18, ontraditing Lemma 5.6, whih gives z2 = 2
or 3 respetively.
Case III(b): Γ > R. We have
−
9
a
< 3d0 −ma = Γ.B < 0,
and (Γ−R).D = a− 3 ≥ 0, whene
(27) 3 ≤ a ≤ 8 and
ma
3
−
3
a
< d0 <
ma
3
.
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We leave it to the reader to verify that there are no integer solutions
to (27) for m = 6 and that the only solutions for m = 4 and 5 are
m = 4 : (d0, a) = (5, 4), (9, 7),
m = 5 : (d0, a) = (6, 4), (8, 5), (13, 8).
The ases with m = 5 belong to ase (b) above. We now show that
we an rule out the ases with m = 4.
Assume Γ is reduible. Then there has to exist a smooth rational
urve γ < Γ suh that γ.B < 0, and we an use Lemma 5.7 again.
Assume rst (d0, a) = (5, 4), whih gives δ = 10. Then γ.L <
5, whene by Lemma 5.7 we get the possibilities (γ.L, γ.D, γ.B) =
(1, 1,−1) or (4, 4,−4), yielding respetively disc(L,D, γ) = 16 or 14,
none of whih are divisible by δ = 10, a ontradition.
Assume now (d0, a) = (9, 7), whih gives δ = 4. Then γ.L < 9 and
by Lemma 5.7 we get the possibilities (γ.L, γ.D, γ.B) = (1, 1,−1),
(5, 4,−1), (6, 5,−2) or (4, 4,−4) yielding respetively disc(L,D, γ) =
16, 10, 2 or 14. By Lemma 5.6 the only possibility is therefore
(γ.L, γ.D, γ.B) = (1, 1,−1) with γ ∼ xL + yD + zΓ, for z = ±2.
If z = 2 we get the absurdity 1 = γ.D = 3x + 14. If z = −2, we get
from the two equations 1 = γ.D = 3x−14 and 1 = γ.L = 8x+3y−18
the solution (x, y, z) = (5,−7,−2), so γ ∼ 5L− 7D− 2Γ, whih yields
γ.Γ = 0. Sine we have just shown that γ is the only smooth rational
urve satisfying γ < Γ and γ.B < 0,we an write:
Γ ∼ kγ +∆,
for an integer k ≥ 1 and ∆ > 0 satisfying
γ′.B ≥ 0 for any smooth rational urve γ′ < ∆,(28)
∆2 = −2(k2 + 1),(29)
∆.L = 9− k, whene k ≤ 8,(30)
∆.B = k − 1.(31)
Now we laim that there has to exist a smooth rational urve γ0 < ∆
suh that γ0.B = 0. Indeed, write ∆ = ∆0 + ∆1, where ∆0 is the
(possibly zero) moving part of |∆|, and ∆1 its xed part. (Note that
∆1 6= 0 by (29).) Then ∆
2
0 ≥ 0 and ∆0.∆1 ≥ 0, whene ∆
2
1 ≤ ∆
2 =
−2(k2+1). Now ∆1 is a nite sum of smooth rational urves, and let
l denote the number of suh urves, ounted with multipliities. One
easily nds that ∆21 ≥ −2l
2
, whene by (29)
l ≥
√
k2 + 1 > ∆.B = k − 1,
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and it follows that there is a smooth rational urve γ0 < ∆ suh that
γ0.B = 0, as laimed. But then disc(L,D, γ0) = 18, whih is not
divisible by δ = 4, a ontradition. 
Now we summarize the numerial onditions obtained in Lemmas
5.5 and 6.1. We need d0 >
ma
3 −
3
a and want L to be very ample with
Cliff L = 1 and suh that the rational normal sroll T ⊇ S dened
by the penil |D| is smooth and of maximally balaned sroll type.
Moreover we need Γ to be smooth and irreduible.
If m = 4 this is satised if d0 >
4a
3 −
3
a , (d0, a) 6= (2, 2), (5, 4), (9, 7)
and 3d0 6= 4a when a ≥ 9. The latter means that the tuples (d0, a) =
(4, 3) and (8, 6) are allowed. We therefore obtain the following values:
Form = 4 : (d0, a) ∈ {(4, 3), (8, 6)}; or
d0 >
4a
3
−
3
a
, (d0, a) 6∈ {(2, 2), (5, 4), (9, 7)} and 3d0 6= 4a.
If m = 5 this is satised if (d0, a) 6= (2, 2) and either d0 ≤ 4 or
d0 ≥ 2a (sine the ases (d0, a) = (6, 4) and (13, 8) from Lemma 5.5
satisfy 4 < d0 < 2a and sine also d0 ≥ 2a implies d0 >
5a
3 −
3
a). We
also nd that the only pairs (d0, a) satisfying
5a
3 −
3
a < d0 ≤ 4 and
(d0, a) 6= (2, 2) are (d0, a) = (1, 1) and (3, 2). We therefore obtain the
following values:
Form = 5 : (d0, a) ∈ {(1, 1), (3, 2)}; or d0 ≥ 2a
If m = 6 this is satised if d0 > 2a−
3
a , (d0, a) 6= (3, 2) and d0 6= 2a
when a ≥ 3. The latter means that the tuples (d0, a) = (2, 1) and
(4, 2) are allowed. We therefore obtain the following values:
Form = 6 : (d0, a) ∈ {(2, 1), (4, 2)}; or
d0 > 2a−
3
a
, (d0, a) 6= (3, 2), and d0 6= 2a.
Using (3) and (4) we obtain:
Proposition 6.2. Let n ≥ 4, d > 0 and a > 0 be integers satisfying
the following onditions:
(i) If n ≡ 0( mod 3), then either (d, a) ∈ {(n/3, 1), (2n/3, 2)}; or
d > na3 −
3
a , (d, a) 6= (2n/3− 1, 2) and 3d 6= na.
(ii) If n ≡ 1( mod 3), then either (d, a) ∈ {(n, 3), (2n, 6)}; or d >
na
3 −
3
a , (d, a) 6∈ {(2(n−1)/3, 2), ((4n−1)/3, 4), ((7n−1)/3, 7)}
and 3d 6= na.
(iii) If n ≡ 2( mod 3), then either (d, a) ∈ {((n − 2)/3, 1), ((2n −
1)/3, 2)}; or d ≥ (n+ 1)a/3.
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Then there exists a (smooth) K3 surfae of degree 2n in Pn+1, on-
taining a smooth ellipti urve D of degree 3 and a smooth rational
urve Γ of degree d with D.Γ = a, and suh that
PicS ≃ ZH ⊕ ZD ⊕ ZΓ,
where H is the hyperplane setion lass. Furthermore, the rational
normal sroll T ⊇ S dened by the penil |D| is smooth and of maxi-
mally balaned sroll type.
We now set g = n+ 1.
At this point, for eah g ≥ 5, we have found a 17-dimensional
family of (smooth) projetive K3 surfaes in Pg (sine the rank of
the Piard latties are 3), eah with Cliord index 1, and with a
rational urve as desribed on it. Moreover, for eah member of the
family, the assoiated 3-dimensional rational sroll T is of maximally
balaned type. Moreover it is a standard fat that any polarized K3
surfae S in a 3-dimensional rational normal sroll T is suh that S
is an antianonial divisor of type 3HT − (g − 4)FT on T , where HT
and FT denote the hyperplane setion and the P
1
-bre of the sroll,
respetively. The notation H and F will be used for orresponding
divisors on a larger, four-dimensional sroll H into whih T will be
embedded.
For all g ≥ 5 a 3-dimensional rational sroll T of maximally balaned
type in P
g
is isomorphi to one suh, say T ′ in Pc, with c = 5, 6, or
7. Here g = c + 3b, where c = m + 1 = 5, 6 or 7, and b positive.
We let HT (as written above) and H
′
be the divisors on this sroll
orresponding to the hyperplane divisors on T and T ′, respetively.
Then HT = H
′ + bFT .
Observe that: 3H′ − (c − 4)FT = 3H − (g − 4)FT , so that we an
translate any question about setions of 3HT − (g− 4)FT on srolls of
maximally balaned type for g ≥ 5 to one where g = 5, 6, or 7.
6.2. Proof of Step (II). Let us perform Step (II). Assume rst for
simpliity c = 5, so g = c + 3b, for some non-negative b. We use so-
alled rolling fators oordinates (see for example [Ste℄) Z1, Z2, Z3 for
eah bre of T = TS , whih is isomorphi to P(OP1(e1)⊕OP1(e2)⊕
OP1(e3)), and (t, u) for the P
1
, over whih T is bered. Then the
equation of S, being a zero sheme of a setion of 3HT − (g− 4)FT on
T , is
Q = p1(t, u)Z
3
1 + p2(t, u)Z
2
1Z2 + · · ·+ p10(t, u)Z
3
3 = 0.
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Here the pi(t, u) are quadrati polynomials in (t, u). If c = 6 or 7,
then the orresponding expression is:
Q =
∑
i1+i2+i3=3
p(i1,i2,i3)(t, u)Z
i1
1 Z
i2
2 Z
i−3
3 ,
where deg p(i1,i2,i3) = 2i1 + i2 + i3 − 2 if c = 6, and 2i1 + 2i2 + i3 − 3,
if c = 7. In the larger sroll T = P(OP1(e1) ⊕ · · · ⊕ OP1(e4)) the
equation of S is given by the additional equation Z4 = 0. Let P
1 =
Proj(k[u, v]), and look at the following two equations:
v(Q+ Z4A) + uQ1 = 0,(32)
vZ4 − uB = 0(33)
Here Q1 has the same form as Q, while
B = q1(t, u)Z1 + q2(t, u)Z2 + q3(t, u)Z3,
where deg qi(t, u) = ei − e4, for i = 1, 2, 3, and
A =
∑
i,j
ri,j(t, u)ZiZj ,
where deg ri,j(t, u) = ei + ej − (g − 4− e4)
For small values of s = uv equation (33) uts out a 3-dimensional
subsroll of T , while equation (32) uts out a deformed K3 surfae
within this subsroll. For s = 0 we get our well-known situation with
S and T in T . We may insert Z4 = sB, obtained from equation (33)
in equation (32), and then we get:
Q+ s(BA(t, u, Z1, Z2, Z3, sL) +Q1(t, u, Z1, Z2, Z3, sB)) = 0.
By hoosing Q1, A,B in a onvenient way, we may express any Q+sQ
′
in this way, for all Q′ of the same form as Q (We an hoose Q1 not to
involve Z4 if we like). Hene we an obtain all possible deformations of
the equation Q this way, that is we an obtain all possible deformations
as setions of 3HT−(g−4)FT on T (We move T too, but in a familiy of
isomorphi rational normal srolls, and t, u, Z1, Z2, Z3 are oordinates
for all these srolls, simultaneously). By hoosing Q1 (and B and A
if we like) in a onvenient way, we then deform the K3 surfae to one
with Piard lattie generated by a pair of generators Li and Di only,
all with the same intersetion matrix. This is true sine a zero sheme
of a general setion of 3HT − (g − 4)FT on T gives a general member
of an 18-dimension family of polarized K3 surfaes, all having Piard
lattie generated by suh Li and Di.
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6.3. Proof of Step (III). If we eliminate (u, v) from the two equa-
tions above, and thus form the union of all the deformed surfaes, for
varying (u, v) we obtain a threefold V with equation:
(Q+ Z4A)B + Z4Q1 = 0.
By for example studying the desription on p.3 in [Ste℄, one sees that
V is the zero sheme of a setion of −KT = 4H − (N − 5)F , where
N = e1 + · · · + e4 + 3 = g + e4 + 1 is the dimension of the projetive
spae spanned by T . Moreover, one argues like in [E-J-S℄ that for
a general hoie of A,B,Q1 the threefold V is only singular at the
nitely many points given by Q = Q1 = Z4 = B = 0, and that none
of these points are ontained in Γ. The number of points is:
(3H − (g − 4)F)2(H− e4F)
2 = 9H4 − (2g − 8− 2e4)H
3F =
9(g − 3)− (2g + 2e4 − 8) = 7g − 19 − 2e4
in the numerial ring of T .
A helpful result, inspired from [E-J-S℄, is the following:
Lemma 6.3. LetW be a rational normal sroll, and let S = Z(Q0, L0)
be a smooth odimension 2 subvariety of W , where Q0, and L0 are ef-
fetive divisors onW , whih are setions of base point free line bundles
of type aH + bF on W . Let L be the linear system {Q0L1 − Q1L0}
on W , where L1 varies through all elements of |L0| and Q1 varies
through all elements of |Q0|. Then for a general element l of L,
Sing (l) = Z(Q0, Q1, L0, L1). In general Z(Q0, Q1, L0, L1) will be of
numerial type Q20L
2
0 on W .
Proof. A straightforward generalization of the proof of Lemma 5.3 of
[E-J-S℄. In that lemma one expresses the elements of Q0, and L0 as
hypersurfaes in the projetive spae where W sits. In our ase this is
true loally eah point. Sine the proof is loal, it works also here. 
Remark 6.4. Applying Lemma 6.3 in an obvious way in the ase
W = T , it is lear that Z(Q0, Q1, L0, L1) ∩W = Z(Q1, L1) ∩ S will
interset Γ in an empty set for general Q1, L1, sine Q0, and L0 are
base point free divisors. Hene Z(l) will ontain Γ and be non-singular
at all points of C for general Q1, L1.
Remark 6.5. If the sroll type is (s, s, s, s), (s+1, s, s, s), or (s+1, s+
1, s, s) then both of the linear systems 3H − (g − 4)F and H − e4F
are base point free, and Lemma 6.3 and Remark 6.4 an be applied
diretly. In the ases (s+1, s+1, s+1, s) and (s+1, s, s, s) the system
H−e4F is base point free, while 3H−(g−4)F has the fourth diretrix
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urve (with (Z1, Z2, Z3, Z4) = (0, 0, 0, 1)) as base lous. A rened
loal study reveals that a general setion of (Q + Z4A)B + Z4Q1 is
smooth at all points of this diretrix urve simultaneously, and then an
argument similar to Lemma 6.3 applies in these two ases also, and one
onludes that Q = Q1 = Z4 = B = 0 is nite for general Q1, B(, A).
Remark 6.4 also applies even if the Q have base points along the fourth
diretrix urve, sine Z4 is never zero along this urve. In the ases
where T is maximally balaned, but not among the 5 families of sroll
types that give an in general smooth anti-anonial divisor, the singular
lous of suh a divisor will be the fourth diretrix urve. This urve
does not interset Γ, and hene a suitably revised (eesentially the same)
argument applies.
Just like in the proofs of Lemmas 2.4 and 2.7 of [Og℄, or in Theorem
4.3 and part 5.1 of [E-J-S℄, we see that for an arbitrary suh defor-
mation of Q the urve Γ is isolated in W . The essential argument is
given already on p. 22-23 in [Cl1℄.
6.4. Proof of Step (IV). This follows as on p. 25-26 in [Cl1℄, or as
in the proof of Theorem 3.4 of [E-J-S℄. Let M = Md,a = {[C]|C has
bidegree (d, a)}, and let G be the parameter spae of hypersurfaes
of type 4H−(N−5)F in T , where N = e1+· · ·+e4+3 is the dimension
of the projetive spae P
N
spanned by T . Study the inidene I =
Id,a = {([C], [F ]) ∈M ×G|C ⊂ F}. Then one easily shows:
Lemma 6.6. Every omponent of I has dimension at least dimG, and
dimG = 104 if 4e4 − (N − 5) ≥ −2.
Proof. Let t, u, Z1, . . . , Z4 as usual be oordinates of T . Let r, s be
homogeneous oordinates of the C = P1, whih is mapped into T as a
rational urve of bidegree (d, a). This map orresponds to some (not
uniquely dened) parametrization
t = T (r, s), u = U(r, s), Z1 = S1(r, s), . . . , Z4 = S4(r, s).
Here deg T = degU = a, and degSi = d−aei, for i = 1, 2, 3, 4. (A set
of oordinates for P
n
are of the form Zji = Zit
juei−j . Eah oordinate
is then of degree d in the variables r, s. See for example [Ste, p. 3℄, or
[Re℄). The 6-tuples
(T (r, s), U(r, s), S1(r, s), . . . , S4(r, s))
depend on 2(a+1)+(d−ae1+1)+· · ·+(d−ae4+1) = 4d+a(5−N)+6
variables. Let N = Nd,a be the set of suh 6-tuples. (An open subset
of) N an be viewed as a parameter spae for Parametrized rational
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urves of bidegree (d, a) in T . The parameter spae M an be viewed
as a quotient of N . Likewise J = Jd,a is dened as the orresponding
inidene in N ×G, and an be viewed as a quotient of I. The bres
of these quotients have dimension 5 = dimPGL(2) + 2 (We have two
multipliative fators, one for (T,U), and one for (S1, . . . , S4)). Hene
dimM = 4d+ a(5−N) + 1, and dim I = 4d+ a(5−N) + 1 + dimG
(= 4d + a(5 − N) + 105 if T is of reasonably well balaned type).
Study the inidene R = {(P, [F ]) ∈ T ×G|P ∈ F}. Then R has an
equation, whih is setting equal to zero a sum of monomials of type:
pi1,...,i4(t, u)Z
i1
1 · · ·Z
i4
4 .
The dimG+1 oeients of the pi1,...,i4 an be viewed as homogeneous
oordinates of G. In this equation we now insert the parametrizations
T (r, s), U(r, s), S1(r, s), . . . , S4(r, s). This gives an equation involving
the oordinates of G and the dimN oeients of these 6-tuples, and
in addition r, s. We may view this as a homogeneous polynomial of
degree 4d + a(5 − N) in r, s, sine deg pi1,...,i4(t, u) = i1e1 + · · · +
i4e4 − (N − 5). The equation of the inidene J in N ×G is obtained
by setting all the 4d + a(5 − N) + 1 oeients of this polynomial
equal to zero. Sine this number of oeients is equal to dimM ,
we get dimM equations in an ambient spae N × G of dimension
dimM + dimG + 6. Hene all omponents of J have dimension at
least dimG+6, and onequently all omponents of I have dimension
at least dimG. Now we simply dierentiate the seond projetion map
pi2 : I → G. If the kernel of the tangent spae map is zero at a point
of I, then the tangent map is injetive, and therefore surjetive, sine
dim I ≥ dimG at all points of I. Now this kernel is zero at ([Γ], [V ]),
sine h0(NΓ/V ) = 0, sine Γ is isolated in V . Hene the tangent map
is injetive and surjetive in an open neighborhood of ([Γ], [V ]) on a
omponent of I of dimension dimG, and the onlusion about the
existene of an isolated rational urve of degree d holds for a general
setion of 4H− (N − 5)F . 
At this point the proof of Theorem 4.3 is omplete.
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